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ABsTRACT. In this article, we establish some new combinatorial properties of elements in Coxeter groups.
Firstly, we generalise Reading’s theorem on the canonical join representations of elements in finite Coxeter
groups to all finitely generated Coxeter groups.

Secondly, we show that for any element z in a Coxeter group W and root § in its inversion set ®(z),
the set of elements y € W satisfying ®(z) N ®(y) = {B} is convex in the weak order and admits a unique
minimal representative. This is strongly connected to determining the cone type of elements of W and leads
to efficient computational methods to determine whether arbitrary elements of W have the same cone type.

1. INTRODUCTION

In Reading’s seminal work on the Lattice Theory of the Poset of Regions of hyperplane arrangements
[7, Chapters 9 & 10], important combinatorial properties of hyperplane arrangements are developed. An
application of the theory gives some very nice results on the combinatorics of (mainly finite) Coxeter groups.
Of particular interest in this article is Reading’s theorem which gives an explicit description of the canonical
join representation for each element in a finite Coxeter group.

Let us briefly fix some definitions and terminology in order to precisely state this result (further definitions
and examples are given in Section . Let (L, <) be a poset. For U C L, the element z = \/ U is the join of
U if z is the least upper bound of U with respect to <. A join representation for x € L is an identity of the
form x = \/ U for some U C L. A join representation x = \/ U is irredundant if there does not exist a proper
subset U’ C U such that = \/U’. For subsets U,V of L, denote U << V if for every u € U there exists
v € V such that v <wv. The relation U << V is called a join-refinement since if U << V then VU < \/ V.
We have the following key definition.

Definition 0.1. Let L be a poset and 2 € L. An expression = \/ U is a canonical join representation if U
is irredundant and if any other join representation z = \/V has U << V.

Let (W,S) be a finitely generated Coxeter system and let ® be an associated root system. For w € W,
let ¢(w) be the length of w and let ®(w) be the inversion set of w. A basis of ®(w) is the set ®*(w) = {8 €
O (w) | l(spw) = £(w) — 1}, called the short inversions of w. The right weak order on W is defined by x <y
if and only if £(y) = ¢(x) + £(z~'y). Equivalently, in terms of reduced words, x < y if and only if there is a
reduced word for y which begins with a reduced word for z (we also call = a prefiz of y). The right descent
set of wis Dr(w) = {s € S | ws = w} and ®%(w) = {~wa, | s € Dr(w)} is the corresponding set of
right-descent roots. Note that ®%(w) C &' (w).

An application of Reading’s theory to finite Coxeter groups is the following.

Theorem 0.1. [7, Theorem 10-3.9] Suppose W is a finite Coxeter group and w € W. For each 8 € ®f(w)
there is a unique minimal length element jg € {v | v < w, 8 € ®(v)}. The canonical join representation of w

isw=\V{js| B €e(w)}
Let us give some geometric intuition for Theorem [0.1]

Example 1.1. Consider the Coxeter complex for the finite Coxeter group of type As, the dihedral group
of order 6. The inversion set of the element sts, are the roots ®(sts) = {ay, as, s + a;} which bijectively
correspond to the walls (or equivalently hyperplanes) Hy, Hy, Hqs separating sts from the identity e (see
Section [2f for a more detailed description of the concepts of walls, hyperplanes and roots). The right descent
roots of sts, ®(sts) are the roots {a,a;} corresponding to the walls Hy and H;. The element ¢ (shaded in
red) is the unique minimal length element of {v | v < sts,ay € ®(v)} (the prefixes of sts separated from e by
H;). Similarly s (shaded in blue) is the unique minimal length element of {v | v < sts, a5 € ®(v)}. It can be
seen that sts =t/ s.
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F1Gure 1. Example of Reading’s canonical join representation theorem from the Coxeter
group of type As.

Reading’s proof of Theorem relies on geometric properties of hyperplane arrangements associated with
finite Coxeter groups (in particular tightness of the Coxeter arrangement, see 7, Section 10-2.1]); properties
which generally fail in the infinite setting.

In this article, we give a uniform proof of this result; generalising Theorem [0.1] to arbitrary Coxeter groups.

Theorem 1. Let (W, S) be a finitely generated Cozeter group and w € W. For each 3 € ®F(w) there is
a unique minimal length element jg € {v | v < w,B € ®(v)}. The canonical join representation of w is

w=\{js | B € B7(w)}.

Example 1.2. Consider the Coxeter complex for the infinite Coxeter group of type ﬁg. The inversion set
®(w) bijectively corresponds to the set of walls separating w from the identity (shaded in grey). The short
inversions ®!(w) consists of the solid blue walls (H, and Hpg) together with the dashed blue walls and the
horizontal black wall (note that the elements obtained by reflecting w in those walls has length ¢(w) — 1).
The right-descent roots ®f(w) are the walls H, and Hg. The elements z and y are the unique minimal
length elements of the sets {v |v R w,a € ®(v)} and {v | v 2w, € ®(v)} respectively and w =z \/ y.

FicUre 2. Ilustration of Theorem [l

To prove Theorem [I| we first prove a slightly stronger statement than the first part of the theorem; we
show that for each 3 € ®'(w) there is a unique minimal length element jg € {v | v < w, 3 € ®(v)}. We also
utilise the technology of the short inversion poset recently developed by Dyer, Hohlweg, Fishel and Marks [6]
in their study of low-elements and Shi-arrangements (see Section for a detailed definition and example).

The second part of this article studies some combinatorics related to the cone type of an element x € W.
The second main result of this paper is the following (see Theorem [4.1)).
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Theorem 2. Let x € W and B € ®(z). If there exists y € W such that
®(z) N e(y) = {8},

then there exists a unique element yg € W of minimal length with this property.

Theorem [2] has some important consequences for understanding the structural properties of cone types in
Coxeter groups. Let us now fix some additional terminology and notation and explain this view.

For w € W we denote

T(w)={veW|lwv) =Lw)+L(v)}

to be the cone type of w. Intuitively, the cone type of w consists of all elements v € W such that the
concatenation of reduced words for w and v is a reduced word for w - v. The set of cone types of W is
T ={T(w) | w € W}. A consequence of Brink and Howlett’s seminal work in [3] is that the set T is finite and
by the Myhill-Nerode theorem, the number of cone types of W is the size (number of states) of the minimal
automaton recognising the language of reduced words of (W, .S). Fundamentally, it helps to visualise a cone
type in terms of the inverses of elements in the following sense:

Example 1.3. Consider the Coxeter group of type Go. The identity is the alcove shaded in dark grey. Let
x be the element as indicated below. The cone type of 271, T(x~!) is the region shaded in grey below; and
can be visualised as the intersection of the half-spaces (the side containing the identity) associated to the
walls separating = from the identity e.

FIGURE 3. Example of a cone type in the Coxeter group of type Go.

Note that the cone type in Figure [3[is bounded by three walls (or hyperplanes) and that one of the walls
separating z from e is redundant for determining 7'(xz~!). The roots corresponding to those boundary walls
are the most precise set of roots which determine the cone type [12, Theorem 2.8]. These boundary roots of
T :=T(z~"') are characterised in the following way

OT ={B € ®* |y e W with ®(z) N d(y) = {B}}

Let us introduce a few more definitions to illuminate the structure of cone types and illustrate the signifi-
cance of Theorem 2

Definition 1.4. Let x € W and 3 € ®T. We say an element y € W is a witness of 3 with respect to x if
®(z) N @(y) = {8}
We denote OT (z71)5 to be the set of witnesses of 3 with respect to x. More precisely,
OT(x™ ") = {y e W | ®(z) N2(y) = {B}}
For a cone type T, the cone type part Q(T) are the elements w € W with T'(w™=!) = T.
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Remark 1.1. For each cone type T and z,y € Q(T) it is not generally true that 0T (z~1)s = 9T (y~1)p.
Continuing the example from Figure [3] consider the following

FIGURE 4. Let z and y be the elements illustrated above. One can see that T'(z~1) = T'(y~1),
so = and y are in the same cone type part Q(7T); which is the region bounded by the dashed
lines, and the horizontal black and blue hyperplanes (the region looks like a downward right
pointing arrow). The cone type T := T'(x~1) = T(y~!) is represented by the gray shaded
region. Let 8 € OT correspond to the blue hyperplane. The region bounded by the red
highlighted lines is 7(y~')s and the region bounded by the blue highlighted lines is
AT (z71)p.

Since for elements z,y in the same cone type part Q(T) we do not necessarily have 9T (x71)5 = 0T (y )5
it is natural to make the following definition at the level of the cone type.

Definition 1.5. Let T € T be a cone type and 8 € 9T. The witnesses of B with respect to T is
Mpg={yeW|o(x)Nd(y) ={8} forall z € Q(T)}
= [ T ")s

z€Q(T)

In [12] we showed that for each boundary root 5 € 0T and x € Q(T') there is a witness y € W such that
®F(y) = {B} (see Proposition . However, it was not known whether such an element y is unique, let
alone that it is the minimal length representative of 9T(z~!)s and in fact 9Tp.

As a consequence of Theorem [2] we obtain the following, which by the uniqueness of the element y, is a
stronger statement than [I2, Theorem 2.6].

Corollary 1. For each cone type T and § € OT there is a unique minimal length element yg € W such that

®(z) N @(ys) = {5}

for all z € Q(T). Moreover, ®%(y) = {8} and yg <y for ally € T (xz~ ') for each x € Q(T). Thus ysz <y
for all y € 0Tp.

We give a special name for the property enjoyed by the element ys in relation to the sets T (z7!)s and
0Tg. For a subset X C W, we say X is gated if there is a unique minimal length element x € X such
that ¢ <X y for all y € X. We say the subset X is convex if for all z,y € X and all reduced expressions
x7ly = 51+ sy, the elements zsy ---s; with 0 < j < nisin X. In terms of the Cayley graph X' of (W, S)
this means that all elements on geodesics between z and y are in X.

Theorem [2] and Corollary [1] reveals that each cone type T is associated with a number of convex, gated
subsets of W, including its cone type part Q(T) (see Theorem , the sets 9T (z~ 1) for x € Q(T) and
B € 0T (as well as the cone type T itself with the identity as the gate).



CANONICAL JOIN REPRESENTATIONS AND CONE TYPES 5

We illustrate in Figure [5| an example in the case of the Coxeter group of type Gs. The figure shows a cone
type T, its cone type part Q(T") and the sets 9T (z~ ')z for each 8 € OT for the minimal element x of Q(T).
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FIGURE 5. Let the element = be indicated as above. The grey shaded region is the cone
type T := T(x~1) (the darker grey alcove represents the identity) with boundary roots 9T
indicated by the thickened black walls. The yellow shaded region is the cone type part
Q(T). The remaining coloured shaded regions are the sets 9T (z7 ') for each 8 € T and
the corresponding coloured dots are the gates of those regions.

Let us note a few more properties of the unique minimal length witnesses of boundary roots. One may
notice that by symmetry, y € 97 (z~1)g if and only if z € 9T (y~!)s. Furthermore, the gates of the sets Q(T')
for T € T (we denote these elements by T') are precisely the elements y € W such that ®%(y) C 9T (y~!) (see
Theorem . It thus follows by Corollary [1{ that the unique minimal witnesses of boundary roots are gates
of cone type parts. In particular, since these minimal witnesses have a single right-descent, they are what we
call tight gates denoted I'°. More precisely

={zel||ef(z) =1}
Theorem 3. Let T' be the gates of the cone type parts {Q(T) | T € T}. Then
I’={gel||ef(g) =1}
is the set of join-irreducible elements of the partially ordered set (T',=<).

A consequence of Theorem [3]is that the set of tight gates I'° completely determines the set of cone types
T of W (see Corollary [5.2). In addition, we obtain the following (see Proposition [4.1)).

Corollary 2. The set
I={geG|ef(g)=1}

1s closed under suffiz.

Corollary [2| then leads to a very efficient algorithm to compute the set I'Y without having to compute the
entire set I' (effectively all the cone types) first. A consequence of this result is that to determine whether
two elements x,y have the same cone type, one is only required to compute I', a set strictly smaller than
I’ (with only a few exceptions). Our computations using Sagemath ([4]) show that this set is in many cases
much smaller than T as the rank of W grows (see Algorithm and Figure .

2. PRELIMINARIES

To begin, we review some essential properties of Coxeter systems, the standard geometric representation,
the Coxeter complex, Cayley graph and cone types. For general Coxeter group theory the primary references
are [I1], [2] and [14]. For more on cone types see [12].
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2.1. Coxeter Groups. Let (I, S) be a Coxeter system with |S| < co. The length of w € W is
lw)=min{n >0|w=s1...5, with s1,...,s, € S},
and an expression w = s1 ... s, with n = £(w) is called a reduced expression or reduced word for w. The left
descent set of w is Dp(w) = {s € S | {(sw) = £(w) — 1}, similarly the right descent set is Dr(w) = {s € S|
l(ws) = L(w) — 1}. Tt is well known that the set
R={wsw ' |weW,seS}
is the set of reflections of W (see [2, Chapter 1]).

2.1.1. Standard Geometric Representation and root system of W. Let V be an R-vector space with basis
{as | s € S}. Define a symmetric bilinear form on V' by linearly extending (o, o) = — cos(m/m(s,t)). The
Coxeter group W acts on V by the rule sv = v — 2{v, as)a, for s € S and v € V, and the root system of W
is ® = {wa, |w e W, s € S}. The elements of ® are called roots, and the simple roots are A = {as | s € S}.
Each root a € ® can be written as a = ZSGS csas with either ¢ > 0 for all s € S, or ¢; <0 for all s € S.
In the first case « is called positive (written « > 0), and in the second case « is called negative (written
a < 0). Denote ®* (resp. @) to be the positive roots (resp. negative roots) of ®. By definition of ®, each
root 3 can be written 3 = wa, for some s € S. The reflection sz = wsw™! gives rise to the hyperplane in V
Hz={A eV |sgh=A}
and this hyperplane separates W into two sets (called half spaces)
Hy ={weW [l(spw) < {(w)} and Hg' ={we W | l(spw) > l(w)}
Half spaces provide an important characterisation of convexity in W.

Lemma 2.1. [I Proposition 3.94] A subset A C W is convez if and only if it is an intersection of half
spaces.

For A C ®*, cone(A) is the set of non-negative linear combinations of roots in A and coneg(A) =
cone(A) N ®T. The (left) inversion set of w € W is

d(w) ={a €@ |w (a) <0}

Geometrically, the inversion set of w corresponds to the roots S for which w is contained in the half space
Hy (or equivalently, separated from the identity by the hyperplane Hg). A well known fact is that = < y if
and only if ®(z) C ®(y) (JI0, Proposition 2.8(3)]). An important subset of ®(w) is the set of short inversions
P! (w) (also called the base of ®(w)).

Definition 2.2. [10, Proposition 4.6] Let w € W. The short inversions of ®(w) is the set
Ol (w) = {B € B(w) | ((spw) = L(w) — 1}

The set ®!(w) determines the inversion set ®(w) in the following way (see |5, Lemma 1.7] and [8, Corollary
2.13]).
Proposition 2.1. For w € W we have ®(w) = coneqs (P (w)) and if A C &+ is such that ®(w) = coneq(A)
then ®1(w) C A.

As noted earlier, another important subset of ®(w) is the following.
Definition 2.3. Let w € W. The set of right-descent roots of w (also called final roots) is the set

R (w) = {~way | s € Dr(w)}

Aroot B € ®F(w) if and only if sgw = ws for some s € Dr(w). In terms of the Coxeter complex X (W, S) or
Cayley graph X! the right descent roots correspond to the set of final or last walls crossed for geodesics from
the identity e to w (see Section and Section [2.1.3)). The left-descent roots are ®L(w) = {as | s € D (w)}

and correspond to initial walls crossed for geodesics from the identity e to w.
We collect some further useful facts regarding joins in the right weak order which are used in this article.

Proposition 2.2. [I0, Proposition 2.8] If X C W is bounded (in the right weak order), then
<I>(\/X) = coneg( U D(x))
reX
Corollary 2.1. [10, Corollary 4.7 (2)] If x Vy exists and {(sg(z V y)) = €(z V y) — 1, then either {(sgx) =
lx)—1 orf(sgy) = L(y) — 1.
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2.1.2. The Coxeter complex. The Coxeter complex (W, S) is a useful combinatorial object for providing
geometric intuition for many of the concepts discussed and illustrated in the figures of this article. While the
formal construction of (W, S) is not required for any result in this work, it will be helpful to provide a brief
description. The reader is directed to [I] for further details.

For each w € W let C,, be a combinatorial simplex with vertices indexed by S. For each w € W and s € S
identify the faces of the simplices C\, and C\,s via their matching vertices in S\ {s}. The resulting simplicial
complex (W, S) is known as the Cozeter complex of (W, S). The Coxeter complex has maximal simplices
Cy, w € W called the alcoves of the complex which we identify with the elements of W. The Coxeter group
W then acts on the alcoves simply transitively whereby wC, = Cy,.,, for all w,v € W.

For 8 € ®* the set of simplices

Hy = {0 € S(W, ) | s5(0) = 7}

is a wall of the Coxeter complex. Note that no alcoves are contained in a wall, and thus one may consider
the wall Hg separating the half-spaces HE’ and Hy (the notion of half-spaces here coincide with that of
half-spaces discussed in Section and walls play the same role as hyperplanes). In particular, for w € W,
its inversion set ®(w) bijectively corresponds to the set of walls separating the alcove C,, from C, and the
right descent roots @R(w) are the walls incident to the alcove C,, which separate C,, from C..

2.1.3. The Cayley graph of (W,S). The Cayley graph of (W,S) is the dual graph of the Coxeter complex,
recording adjacency of alcoves across walls labelled by simple reflections. Thus, geometric features of the
Coxeter complex translate naturally into combinatorial properties of paths and convexity in the Cayley graph.

More precisely, denote X! to be the Cayley graph of W with vertex set X° = W and edge-set {(w,ws) |
w € W, s € S} where each edge is of length 1. For vertices x,y € X! a geodesic between x and y is a minimal
length path between z and y in X!. In the setting of X!, for w € W, £(w) is the length of geodesics from
the identity e to w.

The left action of W on X° induces an action of W on X!. Under the identification of the Cayley
graph with the dual graph of the Coxeter complex, walls admit a consistent interpretation in both settings.
For a reflection r € R, the wall H, is defined as the fixed point set of r acting on the Cayley graph X!.
Equivalently, an edge (w,ws) crosses H, if and only if » = wsw™!, that is, if the corresponding adjacent
alcoves are separated by the reflecting wall associated to 7 in the Coxeter complex (see Figure @

Under the standard geometric representation, each root 5 € ® determines a reflecting hyperplane Hg C V,
whose induced wall H,, in the Coxeter complex and fixed-point set in the Cayley graph define the same
separation of W into half-spaces. Throughout this article, most arguments are phrased in terms of roots and
inversion sets; however, in the proofs of Proposition and Theorem we make essential use of the Cayley
graph description, which may be visualised geometrically via the Coxeter complex.

FIGURE 6. Coxeter complex for the Coxeter group of type Ay with Cayley graph overlaid.
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Two distinct walls H, and H, intersect if H, is not contained in a half-space for H, (this relation is
symmetric), or equivalently, (r,q) is finite. We say r,q are sharp-angled if r and ¢ do not commute and
there is w € W such that wrw™" and wqw™" are in S. Then there is a component of X'\ (H, U H,) whose
intersection with X° is a geometric fundamental domain for the action of (r,q) on X©.

For J C R and w € X° the J(w)-residue is the subgraph of X! induced by the action of the subgroup
generated by J on w. In particular, note that for w € W if o, 8 € ®%(w) then w™'s,w = s and wlsgw =t
are in S and (s4, sg) is a finite dihedral reflection subgroup with 2m(s, t) elements. Then w@?;,w is the set of
m(s,t) roots separating the 2m(s, t) elements of the residue (s, sg)(w) = wW, ;. We will use this rank-two
residue structure in path-modification arguments in the proofs of Theorem [£.1] and Proposition [3.2}

In those proofs, we also consider an order on paths in X' using the lexicographic order on tuples with
entries in N. For tuples a = (a1, ..., a,) and b = (by,...,b,) we have a < b if and only if one of the following
holds:

(i) There exists j < min(m,n) such that a; = b; for all ¢ < j and a; < b;, or;

(i) a; =b; for all i <m and m < n.
For a path @ = (po,...,pn) in X! define the ordered tuple I = (np,...,n1) where n; is the number of
elements p; € m with ¢(p;) = j and L = maz]_yl(p;). Then for paths =, 7" we have 7 < 7’ if and only if
Im<Ir.

2.1.4. Cone Types and Boundary roots of W. The definition of cone types, cone type parts and boundary
roots were introduced in Section[I} We now recall additional structure and properties of cone types in Coxeter
groups relevant to the results in this article.

The cone type arrangement or cone type partition Z is the partition of W into its cone type parts.

Q) ={zeW|T(x")=T}

for each T € T (see Figure [7| for an example). Each part of this partition can be considered as a state of the
minimal finite state automaton recognising the language of reduced words of (W, S) (this fact isn’t necessarily
required, but is discussed in some depth in [I2] for interested readers). The following theorem is an interesting
characterisation of .7 and reveals that the parts {Q(T) | T € T} of .7 can realised as intersections of the set
of cone types T.

Theorem 2.1. [16] Theorem 3.4.3] For z,y € W define x ~ y if and only if, for every cone type T € T, one
has
z €T if and only if y € T

Then the partition of W by the ~ equivalence classes is 7 .

As mentioned in Section |1} each part Q(T") contains a unique minimal length representative gr, called the
gate of Q(T) which is a prefix of all elements in Q(T) (these are the grey shaded alcoves in the example of
Figure 7)), this was proved in [12, Theorem 1] and [I3, Theorem 1.3]. These elements are also known in the
literature as the gates of 7 and are denoted by I'. Moreover, we showed in [I3, Corollary 1.5] that T" is the
smallest Garside shadow in W; the smallest subset of W containing S and is closed under join and suffix in
the right weak order.

The notion of Garside shadows will only be briefly discussed again in Section [} we encourage the reader
to see [9], [10] and [15] for more on these fascinating structures.

Theorem 2.2. [12] Theorem 1] For each cone type T there is a unique element mp € W of minimal length
such that T(mg) =T. Moreover, if w € W with T(w) =T then mr is a suffiz of w.

Remark 2.1. Note that in Theorem mp = g%l where gr is the gate of the part Q(T).

The tight gates of 7 is the set
I’ ={ger|[|e"(g) =1}
The following theorem gives a characterisation of a gate x in terms of ®f(x).

Theorem 2.3. [12, Theorem 4.33] Let x € W. Then x € T if and only if for each B € ®F(x) there exists
w e W with ®(z) N ®(w) = {B8}.

We list some further elementary results regarding cone types and their boundary roots which will be used
throughout. We omit their proofs here.

Lemma 2.4. [12, Lemma 1.15| Ifx <y then T(y~!) C T(x1).
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FIGURE 7. The cone type partition .7 for the Coxeter group of type G-. Each part Q(T)
contains the elements x such that T'(z71) = T. The shaded in alcove of each part is the gate
of its part Q(7T).

The following result formally states the geometric interpretation of cone types as intersection of half-spaces
(as illustrated in Example[1.3]) and the next relates the join of a set of elements with their cone types.

Theorem 2.4. [12, Corollary 2.9] Let T be a cone type. If T = T(x=1) Then

T=(HI= () Hf= () HI
&(x) Pl(z) oT(z—1)

Proposition 2.3. [12, Proposition 1.19] If X C W is bounded with y = \/ X then T(y™1) = (\,cx T(z71).

zeX
We end this section by recalling two results describing boundary roots of cone types and the existence of

minimal witnesses. These results provide the foundational input for Theorem [2] and Corollary [1} where we
strengthen existence statements to uniqueness, canonical minimality and gatedness.

Theorem 2.5. [12, Theorem 2.6] Let T be a cone type. If T = T(x~) then 3 € OT if and only if there
exists w € W with

®(x) N @ (w) = {8}
Moreover, if f € OT then there exists w € W, independent of x, such that ®(xz) N ®(w) = {B} whenever
T="T(x1).

Proposition 2.4. [12, Proposition 4.34] Let x € W and 8 € ®*. Suppose there exists w € W such that
®(x) N ®(w) = {B}, and let w be of minimal length subject to this property. Then ®f(w) = {8} and w is a
gate.

2.1.5. Mazimal dihedral reflection subgroups and the short inversion poset. Finally, we recall the notion of
maximal dihedral reflection subgroups in Coxeter groups as this is required for the definition of the short
inversion poset (introduced in [6]) which we utilise in the proof of Theorem[3.1] For a more in-depth discussion
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see [10, Section 2.5]. A dihedral reflection subgroup W’ of W is a subgroup of rank 2. Every dihedral
reflection subgroup is contained in a mazimal dihedral reflection subgroup (note that dihedral subgroups
may be infinite).

For a, 8 € ®*, we denote M, g to be the mazimal dihedral reflection subgroup whose associated root
system ® .4, , contains a and 8. The simple roots of ® 4, , is denoted Apq, ,-

We can now define the short inversion poset. Let w € W. For o, 8 € ®'(w) define a<p if § ¢ Ay, .
This is equivalent to a € Apq, , and 8 ¢ Apq, , (See [6l Proposition 3.2]). Then define the relation =<, as
the transitive and reflexive closure of a<3. This is a partial order on ®!(w).

Theorem 2.6. [6 Theorem 3.17| Let w € W. For the poset (®(w), <,,), the minimal elements are the
left-descent roots in ®F(w) and the mazimal elements are the right-descent roots in ®(w). In other words,
for any B € ®'(w) there is a € ®L(w) and v € R (w) such that o <4y B =< -

For our purposes, from Theorem we utilise the fact that for w € W and any 8 € ®!(w), there is a
final root v € ®F(w) such that B <,, 7. In particular, the following fact (supplied by the next proposition)
is critical for the proof of Theorem |I} If 3 € ®!(w) then there is v € ®#(w) such that for any reduced word
of w, the wall Hg is crossed before H., in the geodesic path in X' from the identity e to w (see Example.

Proposition 2.5. [6, Proposition 3.13] The relation =, is a partial order on ®*(w). Moreover, for any
reduced word w = $18 . .. s consider the following total order < on ®(w):

Qg < 810, < ... < 81...8(—104,

Then o =4, B implies o < B for any «, B € ®(w).

Example 2.5. Consider the same element from Example in the Coxeter group of type As. Let the roots
a,vy € ®(w) correspond to the red and blue coloured walls respectively. Together they generate an infinite
dihedral reflection subgroup Wgw and we have Wo’t’,y C Mg, with simple roots A, , = {o, 3}. Thus
a =y v and any geodesic path (reduced word) from e (alcove shaded in grey) to w must first cross H,,.

FIGURE 8. Illustration of Proposition

3. CANONICAL JOIN-REPRESENTATIONS

This section is dedicated to proving Theorem [I] We first give a few preliminary results. The following
result is an obvious, but rather useful fact.

Lemma 3.1. Let x € W. If a € ®(x) then there is y < x with ®F(y) = {a}

Proof. Let xq be a prefix of z with o € ®F(x). If there is 3 € ®F(x() with B # « then consider the prefix
x1 = sgxo of . Repeating this process, since each step replaces z; by a shorter prefix sgz;, the process
terminates and there must be some prefix zj of z with ®%(z;,) = {a}. O
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Proposition 3.1. Let x € W. Then
z=\/¢'(x)
where ¢*(z) = {z € W | 2 X x with ®F(2) = {a} and a € ®*(z)}.

Proof. Clearly z is an upper bound of ¢'(z). So by [2, Theorem 3.2.1] the join of ¢'(x) exists. Let y =
\/ ¢!(z). Then y < 2 with ®(y) C ®(x). By Proposition [2.2| we have

®(y) = coneq ( U ®(2)) = cones ( U conep®' (2)) = coneq ( U d'(z))

zEP! (x) zEP! (x) z€¢! (x)

By definition of ¢'(z), if @ € ®'(2) then a € ®F(2) C ®'(2) for some z € ¢! (z), s0 B () C U, p1() ' (2)-
Therefore,

®(x) = cones (<I>1(m)) - coneq;( U <I>1(z)) = d(y)
zeX

and z < y. Hence z = y. O

We note that nothing in Proposition suggests that for each a € ®!(z) there cannot be more than one
prefix z of z with ®f(2) = {a}. The following proposition shows that there is a bijection between the set
o' (z) = {z € W | 2z < 2 with ®%(2) = {a} and a € ®'(z)} and &' ().

Proposition 3.2. Let x € W. For each 3 € ®'(z) there is a unique minimal length z < x such that
®F(2) = {B}. Thus the map ®r : ¢'(x) — ®(z) defined by z — ®F(2) is a bijection.

Proof. Let 8 € ®!(z) and denote Zg = {z € W | 2 < x and 3 € ®(z)}. We show that for each zo, 2, € Z3
there is z € Zg such that zg = z < z,. Let m = (20,21, ..., 2,) be a geodesic edge path between zy and z,.
Note that in terms of half-spaces

Zo=( () HI)NnHj
oH\D(x)

and hence by Lemma@ Zg is convex. Therefore, each z; € 7 is also in Zg. Thus Hg does not separate any
z; from z; in 7 and each z; is a prefix of .

Our aim is to modify 7 to obtain another embedded edge path between zy and z, so that there is no
Zi—1 = % > Zi+1. Now suppose there is z;_1 < z; > z;11. Let H,, H; be the walls separating z;_; from z;
and z; from z; 41 respectively and let a;, o4 be the corresponding roots. Now z;_1,z;41 are elements of the
residue R = (r,q)(z;) and ., oy € ®F(2;). Hence by [14, Theorem 2.9] we have y < z; for all y € R and as a
consequence we have that y < x for all y € R. If r and ¢ do not commute then r, g are sharp angled and the
identity e is in a geometric fundamental domain for the finite dihedral reflection subgroup W, ., generated
by the reflections r,q. We claim that all the elements of the residue R = (r, q)(z;) lie in Zg.

We need to show that 3 ¢ q)z;m. If » and ¢ commute then we are done since there is no other root in

@5,q>’ otherwise if 5 € @z;m then since § = ka, + jog for some k,j € Ryg and a,, aq € ®(2;) C O(x) this
implies 5 € cones(®(x) \ {8}), contradicting Proposition

We now modify 7 and replace the subpath (z;_1, 2;, z;+1) with the other embedded edge-path in the
residue R from z;_1 to z;11. This path modification decreases the complexity of 7 (under lexicographic
order); considering m as the tuple II = (ng,...,n2,n1), where n; is the number of elements z; in 7 with
0(z;) = j and L = mazx]_y¢(z;).

After finitely many such modifications we obtain the desired path. The fact that the minimal element z
necessarily has ®(z) = {3} follows by Lemma O

The next result shows that the set ¢! (x) join-refines every join-representation Y of x.

Corollary 3.1. Let x € W and suppose x = \/'Y for Y C W. Then for every z € ¢'(x) there isy €Y such
that z < y.
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Proof. Since x = \/'Y, by Proposition we have
O(x) = coneq,( U @(y))

yey

= coneg( U coneq (®'(y))

yey

= coneg( U ®'(y))

yey

Again by Proposition H we have ®!(x) C Uyey ®!(y) and thus for a € ®!(z), we have o € ®*(y) for some
y € Y. Hence by Proposition there is z < y < o with ®f(2) = {a}. Then again by Proposition z is
the unique element in ¢!(x) such that ®#(z) = {a} and the result follows. O

We can now prove Theorem

Theorem 3.1. Let w € W. For each 3 € ®E(w) there is a unique minimal length element js € {v | v <
w, B € ®(v)}. The canonical join representation of w is w = \/{js | B € ®F(w)}.

Proof. The first part of the theorem follows by Proposition since ®f(w) C ®!(w). For the second
part, we first show that w = \/{jg | B € ®%(w)}. First, note that jz < w for all B € ®%(w) and so
vi=\{js | B € ®(w)} exists with v < w. Our aim is to show that v = w. For a € ®!(w), let j, be the
unique minimal length element of {v | v < w, @ € ®(v)}.

By Proposition it suffices to show that for each a € ®!(w) \ ®#(w) there is 3 € ®F(w) such that
w, =< jg for some w, < w with a € ®!(w,); since then we have ®!(w) C Upearw) ®(s) and thus by
Proposition [2.1] and Proposition [2.2] it would then follow that

®(w) = coneq (P (w)) C coneq ( U ®(jz)) = @(v)
BeDT (w)

and so w X v.

Hence let a € ®'(w)\ @ (w). By Theoremthere is 3 € ®%(w) such that o <,, 8 and by Proposition
this implies that for any reduced word w of w we have a < 8 in the total order on ®(w). Intuitively, this
means that the wall H, is crossed before the wall Hg for any reduced word w of w, when considered as a
walk from the identity e to w in the Coxeter complex or Cayley graph of (W, .S).

Now let @ be a reduced word of w and let ws be the initial path of @ with 8 € ®f(wg), where wg is the
element represented by the word wg. Note that wg is a reduced word since w is reduced. By Proposition @
since 8 € ®(wg) and wg < w, we have jz < wg and so we can modify @ to obtain another reduced word of
w, w with a reduced word jg the initial path of @ with 8 € ®%(js).

Applying the same argument to the reduced word w, by Proposition [2.5 again, there must be an initial
path of @ with reduced word w, with a € ®%(w,) such that w, < jz < w as required.

Now let ¢f'(w) = {4js | B € ®¥(w)}. We now show that ¢f(w) is irredundant. If [®F(w)| = 1, then w is
join-irreducible and the result is clear, hence assume |®%(w)| > 1. Suppose for some a € ®F(w) we have

\/{is | B € d%(w)\ {a}}
= \/{js | B€ @' (w)\ {a}} by Proposition 3]
It then follows that sqw < w and ®*(sqw) = ®*(w) \ {a} and thus
w = sqw = \/{js | B€ ®'(w)\ {a}} again by Proposition [3.1]

a contradiction. Finally, the fact that the set ¢®(w) join-refines every join representation of w follows by

Corollary [3.1] since ¢®(w) C ¢*(w). O

w

4. WITNESSES OF BOUNDARY ROOTS

In this section, we show that for any element z € W and 8 € ®(z), the set of elements y € W satisfying
O(z) N d(y) = {B} is convex in the right weak order and admits a unique minimal representative. By
Definition these are the witnesses of 8 with respect to x and means that 5 is a boundary root of the cone
type T :=T(z71).
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Furthermore, we show that this minimal witness is the same one for all z € Q(7T'). In addition, we show
that the set of tight gates T'? is closed under suffix. We begin with a basic characterisation of the set of
witnesses for a boundary root in terms of intersections of half spaces.

Lemma 4.1. Letx € W and T :=T(x~'). Then

OT(x™")s = Hy N ( ﬂ HY)
acd(x)\{B}

and the set OT (x~1)g is conver.

Proof. The proof is straightforward. If w € 9T (z71)5 then o ¢ ®(w) for all a # B € ®(z), so w € HI for
all @ € ©(z) \ {B}. Since 8 € ®(w) we have w € Hj . The reverse inclusion is also clear. Convexity follows
by Lemma since dT(x 1) is an intersection of half spaces. O

Theorem 4.1. Let x € W and B € ®(x) such that there exists y € W with ®(z) N ®(y) = {B}. Then there
exists a unique minimal length element yg € W such that

P(z) N P(ys) = {8}

Furthermore, yg € T and the set of witnesses T (x~1) 5 is a convex, gated set in W.

Proof. The proof is very similar to the proof of Proposition [3.2] We pass between reflections in the Cayley
graph X! of W and their corresponding roots in ®*. Hence consider 9T (z~1)5 to be the intersection of the
half spaces H; (t:=sg) and H (u; := sq,) in X' corresponding to the roots 8 and {o; | a; € ®(z) \ {8}}
(per the characterisation of T (x71)5 in Lemma.

It suffices to show that for each yo,y, € 0T (z7 1)z there is y € OT(x71)s with yo = y < yn. Let
™ = (Yo,Y1,---,Yn) be a geodesic edge path between yy and y,. By Lemma each y; € 9T (z71)4 for
0<i1<n.

We proceed as in the proof of Proposition [3.2} our aim is to modify 7 to obtain another embedded edge
path between yo and y,, (not necessarily geodesic) so that there is no y;—1 < y; > y;+1. Now suppose there is
Yi—1 < Yi > Yi+1. Let H,, Hy be the walls separating y;—1 from y; and y; from y;11 respectively and let o, aq
be the corresponding roots. Note that a,. # 3 and o, # 3 since by convexity y;—1, y:, yi+1 € 0T (z71)5. Also,
Yi—1,Yi+1 are elements of the residue R = (r,q)(y;) and o, oy € ®F(y;). If r and ¢ do not commute then r, g
are sharp angled and the identity e is in a geometric fundamental domain for the finite dihedral reflection
subgroup Wi, oy generated by the reflections r,q. We claim that all the elements of the residue R = (r, ¢)(y;)
lie in 0T (z~1)p.

Since y; € OT(x 1) this implies that a,., ay & ®(z)\ {8}. We then need to show that o’ ¢ ®(z)\ {3} for

any o’ € <I>zrr e Hence we can assume that r and ¢ do not commute, otherwise there is no other root in <I><+T e

If there is o/ € @TT’@ N (®(z) \ {B}) then since o’ = ka, + jay, for some k,j € Rsq this implies that either
ar € () NP(y;) or oy € D(z) N P(y;). Since B € ®(x) N P(y;), this then implies that |®(z) N D(y;)| > 1, a
contradiction.

Now modify 7 and replace the subpath (y;_1,y:, y:+1) with the other embedded edge-path in the residue
R from y;—1 to y;+1. By [14, Theorem 2.9] all the elements of R are < y;, since the element Projgr(e) of R is
opposite to y;. It then follows by [14, Theorem 2.15] that all elements of R lie on a geodesic edge path from
Projgr(e) to y; and hence on a geodesic edge path from e to y; through Projgr(e). Thus this path modification
decreases the complexity of 7 (under lexicographic order); considering 7 as the tuple IT = (ng,...,ng,n1),
where n; is the number of elements p; in 7 with ¢(p;) = j and L = maz}_,¢(p;).

After finitely many such modifications we obtain the desired path. The fact that the minimal element yg
is necessarily a tight gate follows by Proposition [2.4] and convexity follows by Lemma [£.1] O

Corollary 4.1. For each T € T and 8 € 0T, there is a unique minimal length element yg € W such that
®(z) N @(ys) = {8}

for all x € Q(T)

Proof. Let u,v € Q(T) and 8 € 9T. By Theorem there are unique minimal length elements ', v’ such

that ®(u) N ®(uv') = {8} and ®(v) N ®(v') = {B}. Let gr be the minimal element of Q(T). Then gr < u

and g7 < v and ®(gr) N ®(v') = {B} and ®(gr) N P(v') = {B}. If w’ # v’ then applying Theorem [£.1]to gr,

there is z € W with z < «’ and z < v’ such that ®(gr) N ®(z) = {8}. But then also ®(u) N ®(z) = {8} and
®(v) N ®(z) = {8} contradicting the minimality of v’ and v’. Hence we must have u’ = v'. O
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As a consequence of Theorem we also obtain the following properties for 975.

Corollary 4.2. For each T € T, the following properties hold:

(1) 0Tz # 0.
(it) 0T = Nyeqr) T (y")p-
(iii) 0Tg is conver and gated.

Proof. (i) This directly follows from Corollary
(ii) Follows by definition of 0T.
(iii) This follows by (i) and (ii) and by the fact that each 9T (y~')s is convex. Moreover, by Corollary

the gate ys is independent of y € Q(T'), so the intersection remains gated with gate yg.
O

The results of this section show that for any cone type T and any boundary root 5 € 9T, there exists
a unique tight gate ys of minimal length such that ®(z) N ®(yg) = {8} for all z € Q(T). Moreover, by
symmetry, there exists a unique tight gate xz of minimal length satisfying ®(zg) N ®(yg) = {A}. Thus each
positive root 8 that arises as a boundary root of some cone type canonically determines an unordered pair
{z,ys} of tight gates associated to that cone type. We define the following.

Definition 4.2. A root 3 € ®T is super-elementary if there exists x,y € W with ®(z) N ®(y) = {B}. We
denote the set of super-elementary roots by S.

By the finiteness of the set T, the set S is finite for every finitely generated Coxeter group. The following
example demonstrates that there are potentially multiple pairs of minimal-length tight gates z,y with ®(x)N
®(y) = {B} and ®f(z) = ®F(y) = {B} for a super-elementary root 3.

Example 4.3. Let W be the rank 4 compact hyperbolic Coxeter group whose graph is given by

Let 8 = ay + V2, + 20,. Denote the elements a= tvutv b = wvutv, ¢ = utvutv,d = vutv. Then these
elements are all tight gates with ®7(a) = ®%(b) = ®%(c) = ®#(d) = {8} and we have

®(a) N @(b) = {B}
®(c)n@(d) = {B}

But d is not a witness of 8 with respect to a and b is not a witness of 5 with respect to c.

) =
)

In subsequent work, we investigate classes of Coxeter groups in which every super-elementary root 8 € S
admits a unique pair of tight gates, up to order, whose inversion sets intersect precisely in {S}.

The following result implies that the set of tight gates I'° is closed under suffix and gives more precise
information about the relationship between tight gates and super-elementary roots.

Proposition 4.1. Let z € T and ®(z) N ®(y) = {B} and ®F(y) = {B} where y is of minimal length with
this property. If s € Dp,(y) then

O(sz) N D(sy) = {sp}
and sy € TV,
Proof. Let z,y € W possess the properties as stated. Since as € ®(y) it follows that as ¢ ®(z). Denote
v = sx. It then follows that ®(v) = {a,} U s®(z) and P(sy) = s®(y) \ {as}. Therefore ®(v) N P(sy) = {sB}
and it is clear that s3 € ®f(sy). Now suppose there is o # s3 € ®(sy). Then we have s,sy < sy and
as & D(sasy) N P(sy). Thus ssasy <X y with £(sasy) = l(sy) — 1 = L(y) — 2 and s8 € P(s4sy). Then
D(s5q5y) = {as} U P(sqsy) and S € P(ssqsy). This then implies that

O(z) N ®(ssasy) = {6}
and {(ssqasy) = £(y) — 1 contradicting the minimality of y. O
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The following two additional results demonstrate how boundary roots and the set of witnesses can be
iteratively computed.
Lemma 4.4. [16, Lemma 3.3.4] Let w € W and s € S where s ¢ Dp(w). Then
IT(w™'s) ={a}Us({a € dT(w™ ") | Tz € 0T (w™')o with s € Dy (z)})
Proof. We first show the left to right inclusion. First, ®(sw) N ®(s) = {as} so a, € IT(w™ts). If a #
as € OT(w™'s) then by Theorem there is © € W such that ®(sw) N ®(x) = {a}. We claim that
sa € OT(w™!) and that sz is a witness of sa with respect to w. Since oy € ®(sw) we have o, ¢ ®(r) and
hence ®(sz) = {a;} UsP(z). Also, ®(w) = s(®(sw) \ {as}). Therefore
P(w) N®(sz) = s(P(sw) \ {as}) N ({a} L sP(x))
= s(P(sw) N ®(z))
= s({a})

Thus the claim follows. We now show the right to left inclusion. For a root o € T (w™!) where there
is x € W with ®(w) N ®(z) = {a} and s € Dp(z) we aim to show that ®(sw) N ®(sx) = {sa}. It then
follows by Theorem again that sa is a boundary root of T'(w~!s). Since £(sw) > ¢(w) we have that
®(sw) = {as} UsP(w). If z € W is such that s € Dy (z) then ®(sz) = s(®(z) \ {c}). Hence we have

P(sw) N P(sz) = ({as} U sP(w)) Ns(@(2) \ {a})

Since ®(w)N®(z) = {a} by the formula for ®(sw)N®(sx) above it follows that sa € ®(sw) N P(sz). We now
show that ®(sw) N ®(sz) = {sa}. If B € ®(sw) NP (sz) then B € s®(w)NsP(z) = s(P(w)NP(2)) = s({a}).
So 8 = sa as required. O

The next result shows how the set 0T (sz™!)s5 is obtained from 9T(z7 ') if 8 € OT (2~ !) and s8 €
OT (sz~1h).
Corollary 4.3. Letx € W, s € S with s ¢ Dy (z). Lety = sx. If 3 € 0T (x~ ') and s € dT(y~ ') then

OT(y ss = {w € T (v V) | s € Dr(w)}
Proof. If v € 9T (y~')s5 then ®(y) N ®(v) = {sB}. Since as € P(y) this implies that as ¢ ®(v) and so
O(sv) = {as} U sP(v). Since ®(z) = sP(y) \ {as} we have
P(z) NP(sv) = (sP(y) \ {as}) N ({os} U sP(v))

Therefore, as in the proof of Lemma we have ®(z) N ®(sv) = {B}. The reverse inclusion directly follows
from the second half of the proof of Lemma O

5. THE .70 PARTITION AND JOIN-IRREDUCIBLE ELEMENTS OF I’

In this section, we study additional properties of the tight gates I'® of 7. We show that the partition
induced by the tight gates I'° produces the cone type arrangement 7. We also show that the set T'° is the
set of join-irreducible elements of the poset I' under the right weak order. In particular, it follows from [I3]
Theorem 1.4] that the set T'? are the most fundamental elements of the smallest Garside shadow of W.

Lemma 5.1. Let x € W. Then the set of prefizes of x, P(x) ={z 2 x| 2z € W} is convez.
Proof. Clearly, we have P(z) = (\g+\ () H. . Hence the result follows by Lemma O

The following result shows that every gate of .7 is a join of tight gates.
Theorem 5.1. Let x € I'. Then

x = \/ ot(z™h)
where Ot(x™1) = {2 € W | 2 X z with ®%(2) = {a} and a € IT(z~1)}. Hence, every gate is a join of tight
gates.

Proof. Let x € I'' By Lemma for each a € 9T(z~1), there is z, < z with ®%(z,) = {a}. Since
a € 9T (z~1), by Theorem and Proposition there exists w, € I'Y such that ®(z) N ®(w,) = {a}.
Therefore, we also have ®(z,) N ®(ws) = {a}. By Theorem it follows that z, € I'’ and x is an upper
bound of

ot(z™1) :={z € W | 2 < 2 with ®F(2) = {a} and a € T (z™ 1)} c T°
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Now let y = \/ 9t(z~1) and let ®(dt(z~ 1)) := U.eai(z-1) ®(2). By Proposition [2.3/and Theoremﬂwe have
Ty )= () TH= () Hi

2€0t(z~1) (9t(z—1))
Since y <z and 9T (z~') C ®(dt(z1)) it follows by Lemma [2.4] and Theorem [2.4 again that
T@ )Tl )= () HiC () Hf =T
(dt(z—1)) T (x—1)
So T(z~ 1) =T(y~') and since z € T, by Theorem we must have y = z. U

Corollary 5.1. Forx € W, ot(z~1) C ¢'(x).

Proof. Proposition shows that for each 8 € ®'(x) there is a unique minimal length element jz € ¢'(x).
Since 9T (z~!) C ®'(z) the result follows by Theorem and Proposition O

Corollary 5.2. FEach cone type T € T is expressible as an intersection of cone types of tight gates.

Proof. By Theorem it follows that every gate is a join of a set of tight gates dt(x~!). Then by Proposi-
tion [2.3| we have that T'(z~1) = N.cotz-1) T(z71). O

Corollary 5.3. Define x ~ y if the following holds: x € T(w™?) if and only if y € T(w™*) for all w € T°.
Let F° be the partition of W with parts P defined by the relation x ~y. Then T° = .7 and hence T is
a regular partition.

Proof. By Theorem it suffices to show that if =,y are in the same part of .79 then z,y are in the same
part of 7. Suppose z € T'(27 1) if and only if y € T'(271) for all 2 € F°. Let x € T(g7!) for g e T\ TY. By
Theorem [5.1| and Proposition [2.3| we then have z € T(w™?!) for all w € 9t(g~*) where

ot(g™H) ={w e W |w = g with @%(w) = {a} and a € T (g7 ")}

Since 9t(g~t) C T'° this implies y € T'(w™?!) for all w € dt(g~!) and hence by Theoremand Proposition
again this implies y € T'(¢g~!). Similarly, if z ¢ T(g7!) for some g € T'\ I'” then by Theorem there
must be some w < g with ®#(w) = {a} and a € 9T (¢~ ') NIT(w~!) such that ¢ T(w~1). Therefore, also
y & T(w™). O

Remark 5.1. A consequence of Corollary is that to determine whether two elements x,y have the same
cone type (or equivalently, whether z=! and y~! live in the same part of the cone type partition), one only
needs to compute the set of tight gates I'’ and then check whether x € T'(w™?!) if and only if y € T(w™?)
for all w € TY. Our computations using Sagemath ([4]) in Section show that often, the set ' is much
smaller than I'. We illustrate the .7° arrangements for the rank 3 Coxeter groups of affine type in Figure @

Recall that for a poset P an element x € P is join-irreducible if x is not the minimal element in P and if
x =a Vb then either x = a or = b. Equivalently, if X C P and z = \/ X then z € X.

Theorem 5.2. The set
= {zecl||®%x) =1}

is the set of join-irreducible elements of (T, <X).

Proof. Let x € T° and ®f(x) = {B}. If x is not join-irreducible, then x = \/ A for some A C I' with
x ¢ A. Since 3 € ®'(x) by Corollary B € ®(y) for some y € A and y < x. Therefore, there must be
a # B € ®(x), a contradiction.

Now let z € T be join-irreducible in (T, <) and suppose |®f(z)| > 1. Let ®%(z) = {a1,...ax} and
Z; = Sq,x. Let w(x;) € I' be the minimal element of the cone type part containing x;, that is the part
Q(T(z;')). We claim that x = \/m(x;). Let y = \/7(x;). Note that since z is an upper bound for each
7(z;), this implies y < z. Then since = \/ z; and T'(z; ') = T(w(x;)~') for each i, by Proposition we
have

T =T = Tlate) ) = T

Since z € I' we must have x = y. O
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FIGURE 9. The partition 7% = .7 for the rank 3 Coxeter groups of affine type (AVQ, B, and
G3). The green alcoves represent the tight gates and the cyan alcoves are the gates which
are non-trivial joins of tight gates.
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6. COMPUTING THE SETS S AND I

The super elementary roots S and tight gates I' are intimately connected by definition. In this section,
we utilise the results of Section [5| to give a direct and efficient method for computing I'’ without computing
I' first; effectively obtaining the minimal data to determine whether two elements have the same cone type.

Let us first give a bit more background to set up the algorithm and illustrate the connection between our
work and some important recent developments in Coxeter group theory.

We first recall the definition of the set of elementary roots & in Coxeter groups. For roots a, 3 € ®T we
say B dominates o if whenever wf < 0 implies wa < 0 for all w € W. A root is elementary if it does not
dominate any root besides itself. Introduced by Brink and Howlett in [3], the set of elementary roots & were
shown to be finite for any finitely generated Coxeter group [3, Theorem 2.8] and play a fundamental role in
their finite state automaton recognising the language of reduced words of (W, S). They have been extensively
studied (see for example [2, Chapter 4], [10], [6]) and are computed in a straightforward manner, as described
in the aforementioned work. For our purposes, it is enough to know that the set & can be easily computed.

The Shi arrangement or Shi partition . is the partition of W induced by the elementary walls, and
like the cone type partition .77, each part corresponds to a state of a finite state automaton recognising the
language of reduced words of (W, .S) (see the example of A, in Figure |§|, in this case . = 7). This is in fact
one way to visualise Brink and Howlett’s automaton. Also like the cone type partition .7, each part P of .
contains an element of minimal length, which is a gate of P (proven in [6l Theorem 1.1] and [13, Theorem
1.1]). The unique minimal length representatives of these parts are known as the low-elements L. Formally,
we have the following definition of low-elements.

Definition 6.1. [I0, Definition 3.24] An element w € W is low if ®(w) = coneg(A) for some A C &.
Equivalently, w is low if ®!(w) C &.

For the purposes of Algorithm [6.1] we pay particular attention to the set of tight low elements, that is the

set
L = {w e W | |®F(w)| = 1 and ®F(w) C &}

Crucially for Algorithm by 6, Theorem 4.8 (3)] we have L° C L and since every super-elementary
root is elementary ([I2, Proposition 7.2]) it follows by Theorem that T° C L° C L. Note also that L is
finite (since & is finite).

In general, the set S can be determined in finite time by considering each root 8 € & and checking whether
there exists a pair of gates or low-elements {x,y} with ®(z) N ®(y) = {8}. An application of Theorem
and Proposition gives an alternative method which concurrently computes the set S and I'° without first
having to compute the entire set I" or L. It only requires that the elementary roots & is computed first
(which is quite efficient, see [2, Chapter 4.7]; we note that elementary roots are also called small roots in the
literature). We remind the reader that A is the set of simple roots in the following algorithm.

Algorithm 6.1 Compute tight gates and super-elementary roots
LLet /' =S,8=AT =
2: Initialize L, = {z € L' | {(z) =i} with i =1
3: while L, # () do
4: for x € L] do

5: for s ¢ D (x) do

6: Set y=s-x

7: if | (y)| =1 and {8} = ®%(y) € & then

8: Add y to L'

9: if there is 2z # y € L' with ®%(2) = {8} and ®(z) N ®(y) = {8} then
10: Add B to &

11: Add y,z to T

12: end if

13: end if

14: end for

15:  end for
16:  Seti=1i+41
17: end while
The algorithm terminates in finite time and upon termination I =T° and &’ = S
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Proof. By Proposition the set of tight gates 'V is closed under suffix: if z € IV and s € Dy (z), then
sz € T? and {(sx) = £(x)—1. Since I'V is finite, it follows that every element g € I'Y admits a length-decreasing
chain contained in I'°

Sk Sk—1 S2

9=9k — k-1 — * —7 g1,

where g1 € S, €(g;) =i, and g;—1 = s;9; with s; € Dy (g;). Equivalently, every tight gate can be obtained from
a simple reflection by successively left-multiplying by simple reflections s ¢ Dy (), increasing length by one
at each step. The algorithm hence performs a breadth—first search with respect to length, starting from the
simple reflections and iterating over all possible left multiplications « — sz with s ¢ Dy (z). Consequently,
every element of I'? is eventually encountered and added to L’. As discussed on the previous page, since
S C &, by the characterisation of I' given in Theorem we have

Mcrcr’={yew||®%(y)|=1and d(y) C &} C L
Since L is finite, the algorithm terminates in finite time. Finally, once an element y € I'’ is encountered,
Theorem guarantees the existence of a unique element z € 'Y with

O(y) N @(2) = {B} = 2 (y) = 27(2)
so the algorithm records 3 and adds y and z to I'V. Thus, upon termination, IV = I'* and S’ = S. O

We also note the following consequence of Theorem which shows that the number of non-simple tight
gates is always even.

Corollary 6.1. Let K := |9\ S|. Then K is even, and |S\ A| < K/2.

Proof. Theorem shows that tight gates g € T'°\ S are naturally paired according to their final roots
®%(g) in the following way: For each 8 € S\ A, there is some z € I'* with 3 € 9T (z~1) N ®%(z). Hence
by Theorem there is a unique element y € T'°\ S such that ®(z) N ®(y) = {8} and ®F(y) = {B}. By
symmetry, z is also the unique element of T'° with ®(z) N ®(y) = {B}. O

6.1. Data for select Coxeter groups. We utilise Algorithmto compute the size of S and I'V for some
Coxeter systems in low rank. We note that as the size of I' increases, in general, the ratio ['°|/|T| tends to
decrease, making the computation of I'’ generally much more efficient to determine whether two elements
have the same cone type.

W ELISI] Ll L] [ [ [
A | 6] 6| 16 9 16 | 9
By | 8| 8| 25 14 | 24 |13
Gy |12]12| 49 | 26 | 41 |21

Az |12 | 12 | 125 28 125 | 28 w 1€ T1S] |L] [L°] | |7 | |19

B3 | 18 | 18 343 66 315 o8 4) 1 25 | 25 438 112 392 98

Xa(
673 18 | 18 343 66 317 58 X4(5) | 32 | 32 516 158 462 138

A, 12020 1206 | 75 | 1206 | 75 Yy |32 )32 ] 687 | 166 | 578 | 150

= Zy 30 | 30 513 142 473 132

By | 32| 32 | 6561 | 270 | 5789 | 227 X5(3) | 114 | 114 | 101412 | 5767 | 52542 | 4071
Cyq |32 | 32| 6561 | 270 | 5860 | 227 X5(4) | 83 | 83 | 25708 | 3128 | 22886 | 2871
Dy | 24| 24| 2401 | 140 | 2400 | 139 X5(5) | 135 | 135 | 42064 | 6014 | 37956 | 5523
F, | 48 | 48 | 28561 | 1054 | 22428 | 715 Zs 120 | 120 | 41385 | 5476 | 39138 | 5391

As | 30 | 30 | 16807 | 186 | 16807 | 186
Bs | 50 | 50 | 161051 | 1030 | 137147 | 836
Cs | 50 | 50 | 161051 | 1030 | 139457 | 836
Ds | 40 | 40 | 59049 | 608 | 58965 | 596

F1GURE 10. Data for low rank affine and compact hyperbolic Coxeter groups.
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